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Abstract. We prove that the Kobayashi distance near boundary of a pseudo- 
convex Reinhardt domain D increases asymptotically at most like — log do + 
C. Moreover, for boundary points from vatD the growth does not exceed 
h log(— log djj) + C. The lower estimate by — | log do + C is obtained under 
additional assumptions of C 1 -smoothness of a domain and a non-tangential 
convergence. 



1. Introduction and results 

The problem of a boundary behavior of the Kobayashi (pseudo)distance in pseu- 
doconvex Reinhardt domains is connected with studying their Kobayashi complete- 
ness. The qualitative condition for the fc-completeness of a bounded domain D is 

kjj (zq,z) -4ooasz-> 3D. 

The main fact is that if a pseudoconvex Reinhardt domain D is hyperbolic then it 
is fc-complete. At hrst Pflug [7] proved it for bounded complete domains. A second 
step was done by Fu for bounded domains in [2] . The general case was finally solved 
by Zwonek in [8] . 

Hence it is natural to ask about a quantitative behavior of the function fcrj(zo, • ). 
Forstneric and Rosay estimated it from below on bounded strongly pseudoconvex 
domains. Namely, it was proved in pQ that 

k D {zi 1 z 2 ) > -ilogd D (zi) - ^\ogd D (z 2 ) +C 

for Zj near two distinct points Q G dD, j = 1,2. In the same paper the authors 
showed the opposite estimate for C 1+£ -smooth domains with zi,z 2 near Co S dD. 
This estimate in the bounded case follows from the inequality for the Lempert 
function of bounded C 1+£ -smooth domains obtained by Nikolov, Pflug and Thomas 

k D (zi,z 2 ) < -ilogeb(zi) - ^\ogd D (z 2 ) + C, z 1: z 2 G D 

in [B]. It was also proved that the above estimate fails in the C 1 -smooth case. The 
other general version of an upper estimate, for C 2 -smooth domains, can be found 
in [3] . The case of bounded convex domains was investigated by Mercer in [5] . For 
such domains we have 

-\\ogd D {z) + C' < k D (z ,z) < -alogd D (z) + C 
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with a > h and z close to Co G dD (the constant a can not be replaced with |). 
An example 

f/3 := {(*, w) G C 2 : \zf + \wf < 1}, < [3 < 1 

shows that the lower estimate by — a log do {z) + C, where a > — a constant in- 
dependent on a domain, is not true for complete pseudoconvex Reinhardt domains. 
Easy calculations lead to 

k Df) ((0, 0), (z, 0)) < -| log (z, 0) + C 

if < z < 1 and (z, 0) tends to (1, 0). 

In the paper we prove the following theorems. 

Theorem 1. Let D C C" be a pseudoconvex Reinhardt domain. Fix z$ 6 D and 
Co G dD. Then for some constant C the inequality 

k D {z Q ,z) < ~logd D (z) + C 

holds if z G D tends to Co- Additionally, for Co G C™ the estimate can be improved 
to 

k D {z ,z) < --logd D (z) + C 

where C is a constant. 

Theorem 2. Let D C C" be a pseudoconvex Reinhardt domain. Fix zq £ D and 
Co G dD n mtD. Then for some constant C the inequality 

k D (z Q ,z) < -log(-logcfo(z)) + C 
holds if z £ D tends to Co • 

Theorem 3. Let D C C n be a ^-smooth pseudoconvex Reinhardt domain. Fix 
zq E D and Co G dD. Then for some constant C the inequality 

k D (z ,z) > --\ogd D {z) +C 

holds if z £ D tends non-tang entially to Co- 

2. Notations and definitions 
By D we denote a domain in C™. The Kobayashi (pseudo) distance is defined as 
kn(w, z) := sup{(i£)(u), z) : (do) is a family of holomorphically invariant 

pseudodistances less than or equal to 

where 

k D (w, z) := mf{p(\, /j):A,/i£D and 3f E 0(B, D) : /(A) = w, f(fi) = z} 

is the Lempert function of D, D C C — the unit disc and p — the Poincare distance 
on D. For general properties of functions kn one can see [3]. 

Denote Zj as the j-th coordinate of point z E C™. A domain D is called a 
Reinhardt domain if (X±zi, . . . , X n z n ) E D for all numbers Ai,...,A n G (9D and 
points z E D. A Reinhardt domain D is complete in j-th direction if 

({ly- 1 xl x {l} n ~ j )-DC D, 
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where A B := {(a\b\, . . . , a n b n ) : a G A, b G B}. Define subspaces VJ 1 := {z G 
C" : Zj — 0} for j — 1, . . . ,n. If a Reinhardt domain Z3 is complete in the j-th 
direction for all j such that D O VJ 1 ^ then D is called relatively complete. 

Let us denote A := A\ {0} for a set A C C and C£ := (C*)". By d D (z) denote 
a distance of a point z g D to 913 (here, exceptionally, D can be a domain in R") 
and by Cd( z ) — one of points admitting a distance of a point z G D to 913. 

We will use the following main branch of the power z a :— e al ° ez — e a ^ log l z l+ lAr s z ) ; 
where the main argument Argz G (— 7r,7r]. Define z a :— z" 1 • . . . • z^™ , \z\ a :— 
\ Zl \ ai ■ . . . ■ \z n \ a ™ for z G C™ and a G R". Moreover, let \z\ := (\zi\, . . . ,\z n \) for z G 
C n , log \z\ := (log|zi|,...,log|z„|) for z G C? and log 13 := {log|z| : z G 13 H C™} 
- a logarithmic image of D. We use C to denote constants not necessarily the 
same in different places. We also need notations / < g if there exists C > such 
that / < Cg; f « fl if / < g and <? < /. 

We call D a C k -smooth domain if for any point Co S 913 there exist its open 
neighbourhood U G C" and a C fc -smooth function p : U — > R such that 

(1) UDD = {z G f7 : p(z) < 0}; 

(2) U\D = {zeU: p{z) > 0} ^ 0; 

(3) V P := (J^...,j£-)^0ont/. 

The function p is called a /oca? defining junction for 13 at the point Co- 

For a (^-smooth domain D we define a normal vector to 9Z3 at a point Co G dD 

as 

l|Vp(Co)|| 

where p is a local defining function for 13 at Co- Clearly 

z = (d{z) - d D (z)v D (( D (z)) 

for z G D and 

lim io>(Co(z)) = vd(Co) 

-D9z-Ko 

for every choice of £d(z). For the transparent notation we shorten the symbol 
Vd((d(z)) to v D (z). 

To define a non-tangential convergence we need a concept of a cone with a vertex 
.To G R", a semi-axis 2/ G (R™)* and an angle a G (0, -|). It is a set of x G R n \ {xq} 
such that an angle between vectors v and x — xq does not exceed a. Let D be a 
C 1 -smooth domain and £0 G dD. We say that z G 13 tends non-tang entially to Co 
if there exist a cone i C C" = R 2 ™ with a vertex Co, a semi-axis — Kd(Co) aiui an 
angle a G (0, §) and an open neighbourhood U C C of Co such that [/ n A C 13 
and z tends to Co i n U n A 

We say that a Reinhardt domain D satisfies the Fu condition if for any j G 
{1, . . . , n} the following implication holds 

dD n vj l + =► Z3 n v/ 1 ^ 0. 

The following well-known properties of pseudoconvex Reinhardt domains will be 
used in the paper (see e.g. [4]). 

Fact 1. A Reinhardt domain D is pseudoconvex if and only if log D is convex and 
D relatively complete. 

FACT 2. A ^-smooth Reinhardt domain satisfies the Fu condition. 



4 



TOMASZ WARSZAWSKI 



3. Proofs 

Proof of Theorem [H We proceed as follows. The first step is to simplify the 
general case to 'real' coordinates, further we consider some parallelepipeds con- 
tained in the given domain and use the decreasing property of the Kobayashi dis- 
tance. Finally, we explicitly calculate and estimate it in other domains — cartesian 
products of a belt and annuli in C. To improve the estimate for a boundary point 
with all non-zero coordinates we use similar methods, but with intervals instead of 
parallelepipeds. 

Using some biholomorphism of the form 

w 3 C n i — ► (fliwi, . . . , a n w n ) eC>e C" 

and the triangle inequality for ho, we can assume that z — (1, . . . , 1) and |Coj| ^ 1 
for j = 1, . . . , n. Notice that the proof can be reduced to z G D n C™ near Co and 
next to the case 

zeDn(0, oo) n near Co G dD n ([0, oo) \ {1})". 

Indeed, the first reduction follows from the continuity of ko and the triangle in- 
equality for ko- Now, if z — > Co then \z\ — > |Co| G dD and 

kD{zo,z) = k D (z , \z\), 

where 

~ _ f\ Zl \ I 2 ™' A f- rp JY \ \ \ \ \ <- 

z :— Zqi, • ■ • 7 z 0n G i :— \\Mzqi, ■ ■ ■ , ^n^On) '■ M, • ■ • , A n G 



maxfcfl =: C < oo 

TxT 



The continuity of ko gives 



and therefore 

^d(zo, |*|) < k D (z ,z ) + k D (z a , \z\) < k D (z a , \z\) + C. 

The property <i£>(|z|) = do(z) finishes this reduction. In what follows, we assume 
that points z£fln(0, oo) n are sufficiently close to Co G dD n ([0, oo) \ {1})™. 
Observe that 

diogMlogz) > ed D (z) 
for some e > 0. Indeed, for u G K™, < 1 and < t < edo{z), where 

1 

e := 



3(IKo|| + l)' 
we have 

log z + tu G log D 

if and only if 

( Zl e tu \...,z n e tu ") eD 
but this property follows from 



\ 



^z J 2 (2t)2 < 2t( || Co || + 1)<dD(2) , 

Moreover, for Co = a similar consideration leads to 

d D (z) 



rfiogn(logz) > e 
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for sufficiently small s' > 0. Indeed, there exists e' E (0, \) such that the inequali- 
ties 



\e tu ' -1| <2t,j = l,...,n 
hold for < t < e'. Hence for < t < we have 



11(^)2=1 -*||< 

Denote 



V 



J2z^2tr<2e^\\z\\<d D (z). 



~ sd D (z), Co ^ 

l e 1RT' Co _ °' 
where e" := e'di og n (0) . Let us define 

m z := min{0, logzi}, M z := max{0, log z{\ 

and consider the set 

D z := {w e C n : m z - d D (z) < log |tui| < M z + d D (z), 

|gg_gj log | Wi | _ < i g | w | < ]2i£j i g + j = 2,. . .,n}. 

log Zl log Zi 

Then logD z is a domain in 1" containing points and logz but contained in a 
convex domain \ogD. Define also 

G z := {v E C" : m z — d D {z) < Rcv 1 < M z + d D (z), 

-d D (z) < \og\vj\ < d D (z), j = 2,...,n}. 
Hence the holomorphic map 

/ log Sn log Z n \ 

fM := (e v \v 2 e Vl — ,...,v n e Vl — ),veG z 
has values in D z . Moreover 

w = fz\ logwi, Zl* 2 , • ■ •> r s "„ for w E D z . 

Therefore 

Z2 Z n 



log Z2 ' * * ' ' log z^ 
log z 1 log Zi 

'1 Z l 



k D {z ,z) < k Dz (z ,z) = k Dz \ f z (0, l,...,l),/ z ( logzi,- 

= fc Di (/ z (0, 1, . . . , 1), LQogZi, 1, . . . , 1)) < fe G .((0, 1, • ■ • , 1), (logzi, 1, . . . , 1)) 
= max{fc S;t (0,log2i),fcA 2 (l,l),...,fcA z (l,l)} = fcs,(0,logzi), 

where 



S 2 := | A E C : m z - d D (z) < Re A < M z + d D (z)} 



and 



A z :={\eC: -d D (z) < log |A| < d D (z)} . 
Using suitable biholomorphisms, we calculate 

'i — exp7riP(z) i — cxp niQ(z) 



fe z (0,logzi) =_p 



z + exp7riP(z) ' i + expiriQ(z) ) 
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where 



= d D (z) - m z _ = log 21 + d D (z) - m z 



2d D {z) + M z -m z 2d D {z) + M z -m z 

Analogously, after changing the index 1 to any of 2, . . . , n, we get 



k D {zo,z)< min k 0) (0, log 

j = l,...,n °« 



where 



and 



k„u) (0, logZj) =p 



exp 7TZ 



PW(z) i-exp7riQW(2) 



j + exp niPti) (z) ' i + exp niQ(ti (z) 



S { z j) := {A e C : m z j) - d D {z) < Re A < + d D (z)} , 



rn 



0) . 



:= min{0, logz.,}, := max{0, log Zj}, j = 1, . . 



2d D (z) + 7l# - mi j) ' 2d D (z) + Mi j) - mi j) ' 

Consider two cases: Co 7^ and Co — 0. If Co 7^ then choose j 6 {1, . . . , n} such 
that Coj 7^ (recall that Coj = |Coj| 7^ !)• In the case of Coj > 1 we obtain 

1 k (J) 0,logz 3 ■ =p P , P < 

5 ' \i + expwiTV){z) i + exp mU^i (zj ) 

^ / i — exp7riT^^(z)\ / i — expmU^(z) 



i + expiriT(ri(z) J \ ' i + exp iriU^ (z) J ' 
where 

w ' 2erf D (z)+log2 j ' v ^ 2ed B (z)+log^" 
We have, by Taylor expansion 



Hence 



- Km --^w +<>(*>«■))* 

< ^ - I log (l - |i - 7riT«(z) + O (rf D (z) 2 ) |) < 
< ^ - ilog (l - \i - niTV\z)\ - \0 (d D (zf)\) = 

\ lo S ( % a T^n (Mz) 2 )) <~ ^gd D (z) + C. 

2 V. 2ed D (z) + logzj v ' ) 2 



= log2 ed D (z) „ fj f _^\ ^ 1 

2 

Similarly 

i — expiriU^Hz) . .mini \ ^ i , i \i\ 
) = -i + niTV) z + O (d D {zf) , 

which gives the same estimation for the second summand. 
Otherwise if Coj < 1, we have 

' i — exp wiV W (z) i — expniW^ (z) 



(2) fc o)(0,logZj) =p 



i + exp iriVd) (z) ' i + exp iriW^ (z) / ' 
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where 

v(]) _ = ed D (z)-]og Zj ^ wU) = ed D {z) 

2edo (z) — log zj ' 2edo(z) — log Zj 

We see that the expression in ((2]) is the expression in ([I]) after substitute log Zj 
— log Zj and the estimates stay true. 

Assume Co = 0. We have for j = 1, . . . , n 

fc s(3 > 0,logz, =P[ t- . ym , 7- P . v(j) ) < 
a * \t + expmX v>(z) i + exp mY « J (z) J 

( i — expniX^ (z)\ ( i — expmY^'lz) 
<P ( 0, - | Tw7T73 1 +P 1 0) 

where 



z + exp TriXO') (z) y ^ V ' » + ex P ™ y W 0) 



w e ^ g (z)||z||-^-logz 3 - (i) g^WNT 

lZj - 2e"d I5 (z)||z||-i-logz/ 2 £ "d Z5 (z)||z||-i-logz/ 



Putting 



we have 



\z\\l0gZj 



X U) (Z) = ^(*)-i yW ) W = g^£) 
W 25«)(z)-l' lJ 2^)(z)-l 

and <5W(z) ->■ as z — > 0. The analogous calculations as in the first case give 
and 

i — exp niYkfi ( z ) 
i + exp 7riF(j) (z) 

Therefore 

( n i-expniXW(z) \ log 2 1 / ^)(z) . 
P v ' z + exp^0)(z) J " — " 2 108 i T MW(,)-l " ° ( ' W 1 ' " 



/ 



<-IlQg(-^(z)) + C 



and similarly 



/ z — exp7r?y^^(z)\ „ 1, , -/•„•%, xx _ 
P 0, t- < --log(-<5^)(z)) + a 



min k q u) (0, log Zj) < min — log(— 5^') (z)) + C ■■ 

j — l.....n ^ z j — l,...,n 

= - logd D (z) + log ||z|| + min log(— logZj) + C = 

i=i,...,n 



Finally 



= - logdnfz) + log ||z|| + log — log max z, + C < 

\ j=l,...,n J 

< - log d D (z) + log 1 1 z || + log(- log 1 1 z || ) + C < - log d D (z) + C. 
For improving the estimate in the case of Co £ dD n C™, we may assume that 
zq G C™ and \zoj\, \Coj\ 1 for j = 1,. ..,n. Since logD is a convex domain, the 
interval 

I z := {Hog |z| + (!-*) log \z \ : t G (-e(z), 1 + <5(z))} 
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is contained in log I? for some positive numbers S(z), e{z). The number s(z) can 
be chosen as a sufficiently small positive constant e independent of z. Indeed, 

t log \z\ + (1 - t) log l^o | = log |^o I +t(log\z\ - log|z |) 

and || log \z\ — log \z \\\ is bounded, say by M. Hence 

di og D(log | z 1) 



e := 



2M 



is good. Analogously, 



dlog£>(log|z|) 



2M 



is a candidate for S(z). We have 

rfiogp(logkl) 
2M 



> Sd D (z) 



for some S > (in fact, ">" can be replaced with "«"). Thus we can choose 
5(z) :=Sd D (z). 

From the inclusion I z c log D it follows that 

exp/ z C D 



i.e. 







t 






Z\ 






( 




Noil,---, 






zoi 




ZQn 



\z 0n \ e D 



for t e (— e, 1 + 5d_D(z)). Hence the holomorphic map 

A 



fzW := e JargZl 



^01 



|z i|, • • • ,e 



2 arg Zt, 



^0n 



P0r, 



leading from the strip 

S z := {A G C : -e < Re A < 1 + <ta D (z)} 
has values in £>. Moreover = z and / z (0) lies on the torus 

T := {(Aiz i, . . . , \ n zon) ■ Ai, . . . , A„ G <9B}. 

Therefore 

M*>>*) <M*b,/*(o)) + M/ z (o),*) < 

< fc D (/ z (0),/ z (l))+maxA; D < fc Sj (0,l) +maxfe. 

TxT TxT 



Calculating (0, 1) we get 
ks.(0A)=P 

P&(z) := 



i — exp niPW (z) i — exp iriQ^ (z) 



v i + exp niP^ (z) ' i + exp iriQ^ (z) / 

where 

! nO')f z , )-= — 

l + e + JduW ' l + e + 5d D (z)- 

Certainly, first of the above argument of the function p tends to some point from 



1 + e 



the unit disc. For the second we have 
i — exp iriQ^ (z) 



i + exp iriQW (z) 



l + 7T2 



5d D (z) 



l + e + Sd D (z) 



+ 0(d D (z) 2 ). 
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Consequently 

( n i-expmQM(z) \ log 2 1 ( 5d D (z) , 2 A 

P ( Q ' ?+ ex p7 r,QO)(z) J ^ ~T 2 108 v " 1 + e + M^i) ~ ) J * 

< -ilog^(z) + C. 

The triangle inequality for p finishes the proof. □ 

Proof of Theorem [2J The proof is based on decreasing and product properties 
of the Kobayashi distance and need to consider some cases which form, in fact, an 
induction. 

Note that if E C W 1 is a convex domain then E = mtE. The condition Co G 
dD n mtD implies Co ^ C™. To see this, assume that Co £ C". An easy topological 
argument shows that 



log | Co I £ log £>) n int log D = (8 log D) n log D = 0. 
Assume, without loss of generality, that 

Co = (Coii • • • j Cofe, 0, . . . , 0), 
where < k < n — 1 and Coj 7^ 0, j < k. Let r > be such that an open polydisc 
P(Co, r) is contained in D. Then log P(Coj r ) C log D. Taking interiors of both sides 
we get 

log -P(Co , r) C int log D = int log D — log D. 

Therefore 

(3) P(Co,r)nC: CD. 
Clearly (for fixed small r) 

P(Co,r) n C; = D(Coi,r) x ... x D(C ofc! r) x (rO,)"- fe , 

where D(Coj,?") is a disc in C centered at Coj with radius r. Hence, choosing any 
z 6 P(Co,r) nC™, we have 

k D (z ,z) < max max fc D(c Azoj,^), max fcrD.(«0j,«j) 

I j= j — fc+l,...,n 

for z G D fl C™ near Co- For j — 1, . . . ,k the numbers Zj tend to Cojj so the first 
of the above maxima is bounded by a constant. The well-known estimate for the 
punctured disc gives us 

k r js,( z 0j,Zj) < ^log(-logd rD »(^)) + C = -log(-log|^-|) + C 
for j = k + 1, . . . , n. Therefore 

(4) k D {z , z)<- log ( -log . min \ Zj \) + C. 

Z \ j=k+l,...,n J 

The above estimate is not sufficiently good yet. Denote z' := {z\, . . . , Note 
that 

(5) (z',0,...,0) e dD. 

Indeed, (z' , 0, . . . , 0) G D. If (z' . 0, . . . , 0) G D then D is complete in the directions 
k + l,...,n (Fact Q]). Moreover, (Coi, ■ • ■ , (ok,r/2, . . . , r/2) G £>, which implies 
(Coi, ■ • • , Cofci 0, . . . , 0) G D — a contradiction. 
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We claim that for all k + 1 < p < q < n 
(6) (z',0,...,0,Zp,0, ...,0) G dD or (z',0, ... ,0,^,0, ... ,0) G dD, 

where the symbol Zj means that Zj is on the j'-th place. If © it is not true then 
both points belong to D (recall that P((o,r) C D). Hence D is complete in the 
directions k + 1, . . . , n and (z', 0, . . . , 0) G D, which contradicts |J5]). 
Therefore all points 

(z',0, . . . ,0, Zp,0, ...,0),p = k + l,...,n, 

except possibly one, belong to dD. Consider the following cases. 

Case 1.1. One of above points, say (V, 0, . . . , 0, z n ), does not belong to dD. Then 
it belongs to D. Hence D is complete in the directions k + 1, . . . ,n — 1. Now the 
inclusion ([3]) can be improved to 

P(Co,r) n (C"- 1 xC,)cfl 

and 

P(Co,r) n(C"- 1 x C.) =D(Coi,r) x...xD((„ fc) r) x (rD)"-^ 1 x rD*. 
The estimate for fco^Oi z ) is improved to 

max <^ max k mCaj , r) (z 0j , Zj), _ ^ max k rn (z oj , Zj), k rB , (z Qn , z n ) 



= k r0 , {Z 0n , Z n ) < ~ log(- log \z n \) + C. 

It remains to notice that 

(z',z fc+1 ,...,z n _!,0) G dD 

since in the opposite case the domain D would be complete in n-th direction and 
the property (z' , 0, . . . , 0, z n ) G D would imply {z! , 0, . . . , 0) G D — a contradiction 
with ©. Thus 

do(z) < \\z - (z',z k +i, ■ ■ . ,z„_i,0)|| = \z„\, 
which let us estimate 

~ log(- log |z n |) + C < \ log(- \ogd D (zj) + C. 

Case 1.2. All the points 

(z', 0, . , . , 0,Zp, 0, . . . , 0), p = k + 1, . . . , n 

belong to dD. We claim that for all k + 1 < p < q < n and k + l<p'<q'<n 
with {p,q} ^ {p',q'} 

(z',0,...,0,£p,0,...,0,z,,0,...,0) G dD or (z 1 , 0, . . . , 0, Zp>_, 0, . . . , 0, z^_, 0, . . . , 0) G dD. 

Analogously as before we use an argument of completeness in the suitable directions 
to get 

(z',0,. .. ,0,^,0,. .., 0) ED 

for some j G {p, q,p',q'} — a contradiction with the assumption of the case 1.2. 
Therefore all points 

(z',0,... ,0,Zp,0,..., 0,Zq,0, ...,0),k+l<p<q<n, 

except possibly one, belong to dD. Again we consider two cases. 
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Case 2.1. One of above points, say (z\ 0, . . . , 0, z n -i, z n ), does not belong to dD. 
Then it belongs to D. We see, analogously as in the case 1.1, that 



P((o,r) n (C"~ 2 x Cj) C D, 
1 

2 V j—n—l.n 

(z 1 , Zk+i, ■ ■ ■ , z n - 2 , z n -i,0), (z', z k+ i, z n _ 2 , 0, z n ) € dD, 



kD(zo, z) < - log ( - log min \z 3 \ ) + C, 



cId(z) < min \zj\. 

j—n — l.n 

Case 2.2. All the points 

(z',0,...,0,£p,0,...,0,£g,0,...,0), k + l <p < q <n 

belong to dD. We see, by induction, that in the s-th step (s = 3, . . . , n — k — 1) all 
points 

(V , 0, . . . , 0, z Pl , 0, . . . , 0, z Ps , 0, . . . , 0), fc + 1 < pi < . . .p s < n, 

except possibly one, belong to dD. 

If one of these points, say (z 1 , 0, . . . , 0, z„_ s +i, . . . , z„), does not belong to dD 
then it belongs to D and 

P(Co,r)n(C"- s xCt) CD, 
k D (z Q ,z) < ilog(-log mm \z 3 \) + C, 

£ j=n — s+l,...,n 

(z', Z k +1, . . . , Z n - S , Z n - s+ l, .. ., Zj-1,0, Zj+l, . . . , Z n ) € j = 71 - S + 1, . . . , 71, 

dr>{z) < min \zj\, 

j— n — s+l,...,n 

which finishes the proof in the case s.l. 
If all the points 

(z',0, . . . , 0, z Pl , 0, . . . ,0,2^,0, . ..,0), fc + 1 <pi < ...p s < n 

belong to dD then we "jump" from the case s.2 to the case (s+ l).l, getting finally 
in the case (n — k — l).l 

(z',0, z k+2 , z n ) e D, 

P((o,r) n (C fe+1 x CT^ 1 ) C D, 
1 

2 ° V °J=fe+2 ri ' 



fczj(^o, z ) < 77 log(- log min \zj\) + C, 



(z',«fc + l,2!fc + 2 ) ... ) Zj-l,0,Zj + i,... ) Z n ) e 91?, j = fc + 2 

rfjj(z) < . min \zj\ 

J— fc+2,...,n 

or in the case (n — k — 1).2 

(z',z fc+ i,...,z i _i,0,z J+ i,...,z„) e j = k + l,...,n. 

This property let us estimate dn(z) from above by min :)= fe + i j ... : „ and use (j4]) to 
finish the proof. □ 
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Proof of Theorem [31 The proof has two main parts; in the first the claim is 
proved for Co £ 3D n C™ thanks to the effective formulas for the Kobayashi distance 
in special domains and in the second part the remaining case is amounted to the 
lower-dimensional situation with a boundary point having all non-zero coordinates. 

Let Co £ dD n C™ and consider z £ D R C™ close to Co • From the convexity of 
the set log D there exist a £ E™ and c > such that the hyperplane 

{x £ M™ : (a, x) R n = logc} 

contains point log | Co I an d logD lies on the one side of this hyperplane. Assume, 
without loss of generality, that this side is {x £ R™ : (a, x)r« < logc} since in the 
case of log D C {x £ R" : (a' , x)r»> > logc'} it suffices to define 

a := —a' and c := 1/c'. 

Therefore 

{{e x \...,e x -) : x £ logD} C {w £ C" : \w\ a < c} =: D a .E, 

where by a point satisfying the condition \w\ a < c we mean such point w whose 
coordinate Wj is non-zero when otj < (and satisfies \w\ a < c in the usual sense). 
To affirm that D C D a ^ Cl we have to check that the above restriction for points w 
does not remove from D points with some zero coordinates. Indeed, if there is no 
such inclusion, we can assume that the order of zero coordinates of point w £ D 
and negative terms of the sequence a is as follows: 

Wi,. . .,w k ^ 0, Wk+i,. ■ .,w n = 

afc+i, . . . ,a t > 0, ai+i, . . . ,a n < 0, 
where 1 < k < I < n. In some neighbourhood of the point w contained in D there 
exist points v £ C™ with coordinates Vj such that 

|ui|,...,H > e > 

and |i>;+i|, . . • , \v n \ arbitrarily close to zero (i.e. moved from id in a direction of 
subspace {0}' x C n ~ l and next moved from it by a constant vector in the direction 
C ; x {0}™~'). Then there exist points u £ logD whose coordinates uj satisfy 

u\, . . . , ui > loge > — oo 

however . . . , u n are arbitrarily close to — oo. But it contradicts a fact that 
values of the expression 

n 

3=1+1 

are for these points u bounded from above by a constant logc — X^'=i a j l°g £ - 

We will use effective formulas for the Kobayashi distance in domains D a c [9]. 
Define 

I ■= #{j = l,...,n : a 3 < 0} 

and 

a := mm{aj : aj > 0} if I < n. 
We first consider a situation I < n. The formula in this case gives 

/ |zK 5 \ 

k D (z ,z) > kn aiC {zo,z)>piO,^j E -j +C. 



These sets are called elementary Reinhardt domains. 
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But 

z = C-Dc,c( z ) - d D a _ c (z)v Da c (z) 

and hence 

n 

| z |a/5 = -Q \ CDa J z)j _ d DaiB (z)v Daie {*)i\ ai,?i = C 1/5 ~ R{z)d Da M 
j=l 

for some bounded positive function p. Thus 



p 



„l/c 



:)= P (o,i-^..«(,))>-iio g p^..w)> 



> -ilog<fo„.«(«) + C. 

We will show that 

c!fl o c (z) w do{z) as z — ^ Co non-tangentially. 

By the definition there exists a cone A with a vertex Co and a semi- axis —VD a c (Co) 
which contains considered points 2. Thanks to the (^-smoothness of D we have a 
cone B with the vertex Co and the semi-axis — vu a c (Co); whose intersection with 
some neighbourhood of the point Co is contained in D and contains in its interior 
the cone A. Therefore 

1 > d D (z) = \\z-Cd(z)\\ > \\z-(d(z)\\ > \\z - C B (z)\\ 



d Da Jz) ||z-Ca,»||- ||« -Coll - Ik -Coll 

= sinZ(z,C ,Cf5(z)) > sin#, 
where Z.(X, Y, Z) is an angle with vertex Y, whose arms contain points X , Z and 
9 is an angle between these generatrices of cones A, B which lie in one plane with 
the axis of both cones 

The second case I = n gives 

k D (z ,z) > k D (z ,z) >p(o,!^- \ +c. 



Similarly as before 

n 

\z\ a = II ICD a »i - d Da ,Az>n a Mi\ ai =c-a(z)d Da Jz) 
3=1 

with a bounded positive function a. Hence 

p[0,^-) > ~]ogd Da Jz)+C>-~]ogd D (z)+C. 



Now, take Co G dD \ C™. We may assume that the first k coordinates of Co are 
non-zero and the last n — k are zero, where < k < n — 1. Notice that k 7^ 0. 
Indeed, the assumption k — is equivalent to € dD. Using Facts Q] and we see 
that the C 1 -smoothness of D implies, thanks to the Fu condition, D n VJ 1 ^ for 
j = l,...,ra. Hence D is complete i.e. € D — a contradiction. Finally, point Co 
has a form 

Co = (C01, • • • , Co*,0, . . . ,0), Co; 96 0, 1 < j < k < n - 1. 



2 In other words, 8 is a difference of angles appearing in the definitions of the cones B, A. 
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Consider the projection iTk : C" — > C k i.e. 

ir k (z) = (zi,...,Zk). 

We will show that D k := ^k{D) is a C 1 -smooth pseudoconvex Reinhardt domain. A 
Reinhardt property is clear for Dk ■ To affirm the pseudoconvexity of Dk it suffices 
to show that 

D k x {o} n - k = D n (C k x {0} n " fc ). 

Inclusion 

D k x {0} n - k D D n (C fe x {0} n ~ fc ) 
is obvious. To prove the opposite inclusion we will use Facts Q] and [2] again. We 
have D n VJ 1 ^ for j = k + 1, . . . , n, so O is complete in j-th direction for 
j = k + 1, . . . , n. Take some z £ D k x {0}"~ fc . Then z = . . . , z k , . . . , 0) and 
(zi, . . . , Zk,Zk+i, ■ ■ ■ ,z n ) G D for some Zk+i, ■ ■ ■ ,z n G C. Thus (z\, . . . , z*, . . . , 0) G 
L> i.e. zeflnfC'x {0} n_fe ). 

The local defining function for Dk at point C G <9Z?fc is 

p(zi,...,Zfc) := p(z 1; ...,z fc ,0, ...,0), («i,...,Zfc) 6 K k (U) C\D k , 

where p : U — > R is the local defining function for D at point (£, 0, . . . ,0). Indeed, 
Vp 7^ since 

• Vp ^ 0; 

• M = M ioi i = 1 >---> k -' 

• §J = ofor j = k+l,...,n, 

however the two remaining conditions for a defining function follow easy from the 
definition of p. 

If z tends to Co non-tangentially in a cone A C C™ then Tr k (z) tends to 7Tfc(Co) G 
C k non-tangentially in a cone Tr k (A) C C fe . From the previous case 

k D (z ,z) > k Dk (Tr k (z Q ),TTk(z)) > —- logefo h (7Tfc(z)) + C. 

Hence to finish the proof it suffices to show that 

d.D k {n k (z)) < d D {z). 

Consider a cone B with vertex Co and semi-axis — KD a (Co) whose intersection with 
some neighbourhood of the point Co is contained in D and contains in its interior 
the cone A. Then 

1 > -i—r-r = n > / \ 1 1 > -f| =smZ z,Co,0? z > sm6>, 

cfo(z) ||z - Cd(z)\\ IN- Coll 

where is an angle between these generatrices of the cones A, B which lie in one 
plane with the axis of both cones. Analogously 

d Dk (TTk{z)) 

where 8' depends only on B. Therefore 

dp k {^k{z)) _ d^ B )(n k (z)) 
d D (z) d B (z) 

however 

dv k (B){-Kk{z)) = hk{z) ~ Q k (B)(^k(z))\\ = 
d B (z) \\z-( B (z)\\ 
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hk(z) - 7Tfc(Co)|| sinZ(7r fc (z),7rfc(Co),C7r fc (B)(7Tfc(^))) 
\\z - Coll sinZ(z,Co,CB(^)) 

< K(z)-7T fc (Co)|| < 1 n 

— \\z — Co II sin — sin#' 

Remark. The estimate from below by — | logdo+C for the Caratheodory (pseudo) 
distance Cjj is not true even for smooth bounded complete pseudoconvex Reinhardt 
domain D and its boundary point Co G C". 

Proof. Consider a domain 

£> := {(zi,z 2 ) G C 2 : |zi| < ife, |z 2 | < fl 2 , NM" < ^s} , 

where R X ,R 2 ,R 3 > 0, a G (R \ Q)+ and > i? 3 . Fix Co G <9L> such that 

|Coi| < Ri, | Coa| < -Ra- This domain is not smooth. Since 

logD = {(xi,x 2 ) G i 2 : ii < logi?i, x 2 < logR 2 , x x + ax 2 < logi? 3 } , 

it is easy to construct smooth bounded convex domain £cK 2 such that log D C E 
and dE contains the skew segment 

(01ogZ>) n {{xi,x 2 ) el 2 :xi +ax 2 = log_R 3 }. 

Let D C C 2 be a complete Reinhardt domain such that log 13 = E. Then 13 is 
bounded, smooth and, thanks to Fact [TJ pseudoconvex. Moreover, D C D and D, 
D are identic in the neighbourhood of their common boundary point Co- 
We have from the Proposition 4.3.2 in [^j 

3d(aCo,0) 

°a := — ; — m s> oo as A — > aO, 

log A| 

where go is the pluricomplex Green function (general properties of the Caratheodory 
(pseudo)distance and the pluricomplex Green function one can find e.g. in [3] and 
[2]). Certainly 

d 5 (ACo) = cb(ACo) « 1 - |A| as |A| -> 1 

and 

cd (ACo,0) < tanh -1 expgi)(ACo,0). 
Therefore, if there exists a constant C > such that 

1 
2 



c 5 (ACo,0)>--logd 5 (ACo) + C, |A| 



then for |A| — ► 1 



(ACo.O) > -ilogd D (ACo) + C, 
-- log(l - |A|) + C < tanlT 1 |A| aA 

i a 

< 



1-|A| " l-|Ah 

with a constant C" > 0. For |A| sufficiently close to 1 we have a\ > C' + l. Therefore 



1 C 

< 



1-|A| " 1-IAP+i 
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or equivalently 

1- |A| C ' +1 



<C. 



1-|A| 

The left-hand side tends to C + 1 as |A| -> 1. □ 

4. Open problems 

(1) Can we improve the estimate from Theorem[T]to — | log dp (z) + CI 

(2) Let £> C C™ be a pseudoconvex Reinhardt domain and Co G 91? fl C™ . Does it 
implies that for some constant C the inequality 

k D (z ,z) > -- log d D (z) +C 

holds if z G D tends to Co? 

(3) Is it true for pseudoconvex Reinhardt domains D C C n that if 

#{j : Coj = and D n V/ 1 = 0} = 

then 



&d(<zo,z) > --logefo^) +C 



and in the opposite case 
k D (z 

for z £ D near Co G 



fcr>(2o,z) > -log(-logefoO)) + C 
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